Some time ago Rubakov and Shaposhnikov suggested that elementary particles might be excitations trapped on a soliton in a flat higher dimensional space. They gave as an example φ 4 theory in five dimensions with a bosonic excitation on a domain wall φ cl in the fifth dimension. They also trapped a chiral Dirac particle on the domain wall with the interaction lagrangian gψφψ. The field equation for the Dirac field was −i 4 µ=0 γ µ ∂ µ ψ−gφψ = 0. We show that a Dirac equation in eight flat dimensions with −gφ replaced by a harmonic-oscillator "potential" in the four higher dimensions (plus a large constant M 0 ) generates bound states in approximate SU (4) × SU (2) representations. These representations have corresponding "orbital" times "spin" quantum numbers and bear some resemblance to the quarks and leptons of the Standard Model. Soliton-theory suggests that the harmonic-oscillator potential should rise only a finite amount. This will then limit the number of generations in a natural way. It will also mean that particles with sufficient energy might escape the well altogether and propagate freely in the higher dimensions. It may be worthwhile to search for a soliton (instanton?) which can confine Dirac particles in the manner of the harmonic-oscillator potential.
I. Introduction
Domain walls and other solitons play a central role in many theories of elementary particles. In 1983 Rubakov and Shaposhnikov (RS) suggested that solitons might even constitute an alternative to compactification in KaluzaKlein and string models [1] . They gave as an example φ 4 -theory in five flat (non-compact) dimensions, choosing L = 
with φ a real, one-component field and g µν = diag. (+, −, −, −; −) . If m 2 > 0, then domain-wall solutions can occur. RS noted that if a domain-wall appears and is assigned to the fifth dimension, then an excitation of the wall can be interpreted as a boson free to propagate in the four dimensions of ordinary space-time but trapped on the wall in the extra dimension. What sets this manner of confinement apart from ordinary compactification scenarios, of course, is that a particle of sufficient energy might escape confinement and propagate freely in all five dimensions.
RS also generated a massless (chiral) Dirac particle by adding to lagrangian 1 the terms
where γ µ γ ν + γ ν γ µ = 2g µν , µ, ν = 0, 1, . . 4. As in the case of the boson, the Dirac particle is free to propagate in M 4 but skates on the wall in the fifth flat dimension.
Trapping a Dirac particle on an extra flat dimension also plays a role in lattice gauge theories these days. To avoid Dirac-particle doubling, Kaplan introduced a fifth flat dimension and generated a massless Dirac particle with a lagrangian similar to that of Rubakov and Shaposhnikov [2] . When Kaplan's lagrangian is expressed on a lattice, the second Weyl fermion appears on an opposite wall in the fifth dimension with exponentially vanishing overlap with the first Weyl fermion, thus getting around the no-go theorems [3] . Jansen provides a review of work following Kaplan's original paper [4] .
A question that naturally comes to mind is whether there exists a soliton in a larger space which can generate all three generations of quarks and leptons. RS remarked that if a domain wall could dynamically confine a particle in one flat extra dimension, then perhaps a vortex could confine it in two, a monopole in three, and an instanton in four flat extra dimensions. Could the mass-spectrum of such a confined particle exhibit the quantum numbers of the quarks and leptons?
For our part, we had carried out a study of the Klein-Gordon equation extended to eight flat dimensions M 4 × R 4 and found that if we included a symmetrical harmonic-oscillator term in the four extra dimensions, then we obtained confined SU (4) solutions suggestive of the three generations of quarks and leptons [5] . However a physical basis for the harmonic-oscillator term was lacking. Could a soliton (instanton?) provide the confinement?
In the remainder of this paper, we propose a Dirac field equation in eight flat dimensions which generates Dirac particles with quantum numbers suggestive of quarks and leptons. We will indicate how these particles might be coupled to gluons and the electroweak bosons 1 in a manner consistent with a left-right symmetric extension of the Standard Model [7] .
II. Domain walls in five dimensions
To motivate the extension to eight dimensions, let us review the φ 4 -model in five dimensions. Lagrangian 1 generates the field equation
which admits the "kink" solution
(Here we denote the fifth dimension x 4 ≡ x, and set x 0 equal to zero.) φ cl minimizes the action locally, and if φ is expanded about it, then η ≡ φ− φ cl satisfies
1 Dvali and Shifman have proposed a mechanism for localizing massless gauge bosons on a domain wall [6] ; they illustrate this with a domain wall on the (x, y) plane in M 4 . 2 Symbols relating to M 4 (R , M 4 ×R ) will be printed normally (with a tilde, in bold-face type).R refers to eitherR 1 orR 4 .
terms cubic and quartic in η are to be treated by standard perturbation theory. If we set η =η (
where is the d'Alembertian in M 4 , and
M is taken to be the scalar boson's mass. Eq. 7 is a one-dimensional Schrödinger-like equation that admits a massless solution (which merely corresponds to a translation of the soliton), a solution η 3/2 = sinh z/ cosh 2 z,
m 2 which represents a boson trapped in the well, and continuum solutions η c for M 2 ≥ 2m 2 which represent bosons free to propagate in all five dimensions [1, 8] . We have plotted η 3/2 in Fig. 1 along with the confining potential 3λ φ 2 cl − m 2 ≡Ṽ . If lagrangian 1 is augmented by lagrangian 2, then minimizing the action yields the field equation
If φ is approximated by the domain-wall solution φ cl , then
This equation admits a solution ψ =ψ 0,L ψ 0 , where ψ 0,L is a left-helical, massless wavefunction in M 4 and
ψ 0 is plotted in Fig 1 for V is generated by domain-wall solution φ cl . Also shown is the wavefunction η 3/2 of the boson trapped in the well, and the wavefunction ψ 0 of a massless Dirac particle trapped on the wall, for g = √ λ.
III. Eight-dimensional Dirac equation
Let us suppose that there exists a generalization of Eq. 9 in a higherdimensional flat space of sufficient dimensionality to accommodate all of the quarks and leptons in the Standard Model. If so, then how many extra dimensions are required, and what kind of "potential" is needed? The difficulty is that N -dimensional extensions naturally lead to SO( N)-symmetry groups, whereas quarks require SU( N )-type symmetry. However, if the potential generates harmonic-oscillator states, then these states will be representations of an SU( N )-algebra. (See Appendix A.). Since quarks exhibit SU(3) color-symmetry, this would be a vote for N = 3 and a symmetrical harmonic-oscillator potential. Because the coordinates are real, only the (triangular) 1, 3, 6, 10, . . . representations would appear, each just once [5] . The 3 might correspond to a quark. (The 1 might correspond to a "lepton". The 6, 10, . . would be new species of Dirac particles.) The spin-degree of freedom might simulate weak isospin.
To accommodate all three generations of quarks and leptons, a higher symmetry would be required. SU (4) might suffice. For four (real) extra coordinates, the SU (4)-wavefunctions have the tetrahedral 1, 4, 10, 20, . . representations, with the 4 breaking to 1+3, the 10 breaking to 1+3+6, etc. The SU (4)-1 might represent a first-generation "lepton", the 1+3 = 4 a second-generation "lepton" and a first-generation "quark", etc. Weight diagrams of the lowest SU (4)-multiplets are sketched in Fig. 2 .
Could a harmonic-oscillator "potential" actually exist in a higher dimensional flat space? Possibly. Dvali and Shifman have shown that for some topological defects, in supersymmetric theories at least, such oscillator-type potentials appear naturally [9] .
However a Dirac equation with a harmonic-oscillator potential will not necessarily generate harmonic-oscillator wavefunctions. A Schrödinger equation or a Klein-Gordon equation will [5] , but a Dirac equation might not because the Dirac operator "squares" the potential 3 . However consider the hydrogen atom in ordinary space-time. We know that the Coulomb potential in the Dirac equation of the H-atom reappears as the Coulomb potential in the (Pauli-reduced) Schrödinger equation. This happens because the restmass of the electron is very large compared to the kinetic and potential energies of the electron and thereby minimizes the symmetry-breaking "small" components. Similarly if we extend Eq. 8 to eight flat dimensions, replace the domain wall with a symmetrical harmonic-oscillator potential V in the four extra dimensions and insert a large "rest-mass" M 0 , yielding
3 Mathematically speaking, a Dirac equation in four Euclidian dimensions cannot be SU (4)-symmetric because it incorporates just fourγμ-matrices, and the corresponding generatorsγμγν, µ, ν = 1, 2, 3, 4 can only constitute an SO (4)-algebra. Adding a potential will not alter this fact. To generate an SU (4) -algebra requires eight Dirac (4) quantum number N and SU (2) quantum numberms . "Quarks" and "leptons" suggested by these quantum numbers are indicated. All members of a given multiplet are degenerate in mass. However the weight diagrams are oriented so that heavier particles appear above lighter particles; i.e., the n 4 ("generationnumber") axis points downward forms = then V reappears unsquared in the two-component reduction of the Dirac equation in the four higher dimensions. This Pauli equation will generate exact SU (4) harmonic-oscillator "large" components, and the symmetrybreaking lower components will be small. We will show this directly.
Let
, where the metric-tensor g µν = diag.(+, −, −, . . . , −) . A convenient representation of the gamma-matrices is the "chiral" set
where γ µ , µ = 0, 1, 2, 3 is any standard set of Dirac matrices while
, and
, whereṼ has the harmonic-oscillator form.
If one multiplies Eq. 11 by 1 ⊗ γ 5 and sets
and
where
is taken to be the rest-mass of the Dirac particle in ordinary space-time. In practice, one solves Eq. 14 for the eigenfunction ψ and eigenmass M, then inserts M in Dirac Eq. 13.
The Dirac equation in the extra dimensions may be expanded to
yielding
where˜ is the four-dimensional laplacian in R 4 , so Eq.18 reduces to
Eq. 19 is analogous to the Pauli reduction of the time-independent Dirac equation in ordinary space, with M − M 0 playing the role of the kinetic energy. If V is a symmetrical harmonic-oscillator potential, then solutions φ comprise an exact representation of an SU (4)-algebra. In particular, if
where α is an adjustable real constant and
a product of (unnormalized) harmonic-oscillator functions
and Hñμ is a Hermite polynomial of degreeñμ = 0, 1, 2, 3, . .
The associated eigenmass
(See Appendix A.) Actually the solutions to Pauli equation 19 exhibit a higher symmetry than SU (4) since they also include constant two-component spinorsξms = 
where theφñ ,ms are representations of SU (4) × SU (2) . The solutions to the Dirac equation in the extra dimensions, Eq. 14, are thusψ
with the same eigenmasses
, these lower components vanish in the limit asα/2M 0 → 0 .
In this limit, solutionsψ will have the same symmetry as theφ, namely
How do theψñ ,ms suggest quarks and leptons? Consider the eigenfunctions of the SU (4) 4 with, say, SU (2) spin "up". The 4's upper components φ arex
, andx
, say, is an SU (3) 3 and can be coupled to another 3 and an SU (3) 8 (gluon) to yield an invariant scalar, as we show in Sec. IV. Thus the 3 resembles a color triplet. In addition, the 3 with spin , will be an SU (4) "color"-singlet, but still a member of an SU (2)-doublet. Thus it can be coupled to an EW-boson, and suggests a lepton.
As noted earlier, weight diagrams of these multiplets are sketched in Fig.  2 , forÑ = 0, 1, and 2. Dirac particles suggested by these multiplets are indicated.
Dirac equation 11 predicts only two bound spin states for each "orbital" wavefunctionφñ 1ñ2ñ3ñ4 , even though the Dirac wavefunction has four components. This is analogous to the Dirac equation of the hydrogen atom which predicts just two bound spin states for each orbital wavefunction rather than four; the other two spin states correspond to positron-proton states and of course are not bound. If the H-atom's confining potential were a scalar (−e 2 /r) rather than the fourth component of a vector (−γ 0 e 2 /r), then the positron-proton states would also be bound, at a negative energy E ∼ −m.
Similarly if the potential V in eight-dimensional equation 11 wereṼ rather thanγ 5Ṽ , then a second spectrum of confined states would appear with large lower componentsχ ≈φñ 1ñ2ñ3ñ4ξms , small upper componentsφ, and masses M = −M (Ñ) . The masses of this spectrum would be identical to those of the positive spectrum since a negative mass can be interpreted as a positive mass with the ordinary space-time spinor ψ replaced by γ 5 ψ. This would yield twice too many "weak-isospin" states. Thus theγ 5Ṽ structure is indicated.
The potentialṼ generated by a soliton in five-dimensional φ 4 -theory does not rise to infinity like a pure HO potential, of course. Instead it reaches an upper limit, as shown in Fig. 1 . Similarly, any potential generated by a soliton in a higher dimensional space might be expected to rise no higher than some maximum value, call itṼ ∞ . In the case of Dirac equation 11, if this maximum heightṼ ∞ is << M 0 , then it is easy to show that the equation generates confined states with masses M in the range M 0 < M < M 0 + V ∞ and free states (able to propagate anywhere in M 4 ×R 4 ) with masses M in the range M 0 +Ṽ ∞ < M < ∞. Because Eq. 11 is a relativistic equation, it also admits free solutions with negative masses in the range −∞ < M < −M 0 +Ṽ ∞ . Again, if the ordinary space-time spinor ψ is replaced by γ 5 ψ, then the masses in this third spectrum change sign and span the range M 0 −Ṽ ∞ < M < ∞. Now this third mass-spectrum of free particles completely overlaps the discrete spectrum of trapped particles, so is immediately ruled out by experiment. However if all three spectra are lowered by an amount, say, M 0 , so that M is restricted to the three intervals 0 < M <Ṽ ∞ ,Ṽ ∞ < M < ∞, and −∞ < M < −2M 0 +Ṽ ∞ , then the third spectrum is equivalent to 2M 0 −Ṽ ∞ < M < ∞ and neither it nor the other continuous spectrum overlaps the discrete spectrum. Furthermore this lowers the threshold of discrete particles from M 0 , which is far too massive, to 0, closer to experiment.
Lowering these spectra can be accomplished, admittedly ad hoc, simply by subtracting M 0 fromṼ . Thus we will set
whereṼ is a HO-like potential that rises only toṼ ∞ , analogous to theṼ in Fig. 1 . If limX →0Ṽ =α 3X 2 and 2Ñ + 4 β 2 /2M 0 <<Ṽ ∞ , then
The possibility of continuous mass spectra raises an interesting question. If we really are trapped in a topological or non-topological defect in a higherdimensional flat space, then are there particles freely ranging in this extended space that could invade our local territory? Could they sometimes appear even at energies above the Greisen-Zatsepin-Kus'min cutoff [11] (∼ 5 · 10 19 eV)? And might we be able to propel Dirac particles from our local space into that continuum? The threshold for ejecting particles into the conjectured continuum may lie just above the capability of present-day machines. In that case, there might be events such as e + + e − → 2 free Dirac particles [1] , appearing to be e + + e − → nothing. An interesting question is also posed by the discrete spectrum. If quarks and leptons really do occur in SU (4) multiplets, then SU (3) 6s should accompany the charm and strange quarks in the SU (4) 10s (see Fig. 2 ), and SU (3) 6s and 10s should accompany the top and bottom quarks in SU (4) 20s (not shown). Such particles have never been seen 4 . If they do exist, then they apparently do not interact with either the electroweak bosons or gluons. This should make them good candidates for dark matter.
The discrete spectrum also suggests fourth-generation leptons, call them ν 4 and l 4 . These particles would accompany the top and bottom quarks in SU (4) 20s. Such particles have never been seen either. Present-day experimental limits [11] would place them above about 45 GeV.
Of course, just as in nuclear physics, not every member of a multiplet need be bound. This might explain the absence of at least some of the 6s and 10s and leptons.
Another interesting question has to do with the size of the bound states in the extra dimensions. Their widths can be easily calculated if the confining "potential" is taken to be a harmonic oscillator. If we adopt as a measure of this width (squared) 
As for numbers, if we choose M 0 = 100 TeV and adjustα to fit an upquark mass of 6 MeV, thenX rms = 0.024 F (withα = 585 MeV). If we set M 0 = 10 4 TeV, thenX rms = 0.0024 F (withα = 2710 MeV). Now according to the Particle Data Group [11] , leptons and quarks have radii no greater than the order of 10 −4 F. However these are radii in ordinary space-time. They can be measured, e.g., by probing the Dirac particle with photon-wavefunctions exp (−ip · x) over a range of momenta − → p and taking the Fourier transform. To measure the size of a Dirac particle in both ordinary space and extended space, one could figuratively probe the particle with "photon" wavefunctions exp (−ip · x + ip ·x) where now the higher dimensional "momentum"p would also range over some interval. However these would be the wavefunctions of probes free to propagate in all of the dimensions, higher and lower. Even if such particles were to exist, we would only have access to the photons confined in M 4 . These ordinary photons have just a single wavefunction in the higher dimensions (more kinds of wavefunctions would mean more kinds of photons), so they always weight the wavefunction of the Dirac particle the same way in the higher dimensions and tell us nothing about its higher-dimensional structure. If this is typical of all types of higher-dimensional reactions measurable by us, then the size of the Dirac particles in the extra dimensions is not subject to the Particle Data Group limits.
IV. Interaction of Dirac particles with gauge fields A. QCD interaction
In this section we will indicate how the "quark" solutions of Eq. 11 might be combined with a "gluon" gauge field to reproduce the QCD interaction lagrangian in the limit as V ∞ → ∞. Consider the eight-dimensional interaction lagrangian
where G˜ij µ is the "gauge field" and theẼ˜ij are the SU (3)-generators defined by Eq. 47 in Appendix A. It may not be unreasonable to suppose that G˜ij µ = G µ (x)G˜ij(x), in which case ordinary space-time quantities such as energy-momentum, angular momentum, etc. are conserved. In this case, L int will be a sum over terms of the sort
where Dirac and Bose states are identified by f , i, and s in M 4 andf ,ĩ, and
In the case of the bound-state solutionsψ n 1 n 2 n 3 n 4 ms , the fieldG˜ij s (x) can cause transitions to different "families" ( n 4 ), to different SU (3)-multiplets ( N ′ = n 1 + n 2 + n 3 ) (e.g., quark→ lepton), and to the opposite "weak-isospin" state ( ms), all of which are inconsistent with QCD. However ifG˜ij s (x) is essentially constant over the range of integration of ψf (x)Ẽ˜ijG˜ij s (x)ψ˜i(x) inR 4 , then none of these transitions can take place due to the orthogonality of the harmonic-oscillator functions, at least in the limitα/2M 0 → 0 whereψ → φ n 1 n 2 n 3 n 4, ms (x), 0
T . An example of a field that would be essentially constant over the range of integration is G˜ij s (x) = G˜ij s exp − 1 2γ 2X 2 , where the rangeγ −1 of the gluon field is much greater than the rangeβ −1 of the Dirac-particle fields γ −1 >>β −1 ; G˜ij s is a constant which identifies the particular gluon fields. Lagrangian 30 is still not consistent with QCD sinceψ can be any SU (3)-multiplet: 1, 3, 6, 10, . . . However if we limit the SU (3)-states to just 3s ( n 1 + n 2 + n 3 = 1 "quarks") and 1s ( n 1 + n 2 + n 3 = 0 "leptons"), then the lagrangian is equivalent to the QCD lagrangian 5 , as we will now show. One can integrate overR 4 and replace theφ n 1 n 2 n 3 n 4, ms (x) by unit column vectors φ n 1 n 2 n 3 n 4, ms = φ n 1 n 2 n 3 ⊗ φ n 4 ⊗ξms, where the φ n 1 n 2 n 3 ≡ φ color comprise the "color" states [ φ 100 = (1, 0, 0) T , φ 010 = (0, 1, 0) T , and φ 001 = (0, 0, 1) T ], φ n 4 is a column vector with an element for each "generation", andξms = (1, 0)
T , the previously defined "weak-isospin" spinor. The operatorsẼ˜ij(x, ∂x) can similarly be replaced by 3 × 3 matrices E˜ij, where 5 If by no other means, one can project out 6s (at least at tree level) by inserting the operator 2 − 3 k=1 a † k ak before or afterẼĩj in lagrangian 29. Higher multiplets, if they are exist (i.e., are bound), can be projected out by similar operators. 1s make no contribution sinceẼĩjφ 000 = 0. and similarly for E 2j and E 3j ,j = 1, 2, 3. The interaction lagrangian now takes the form
where ψ is a sum over states ψ (x) ⊗ φ color ⊗ φ n 4 ⊗ξms and G˜ij µ is a sum over states G µ (x) G˜ij. This lagrangian equals the QCD lagrangian [11]
where the λ a are the Gell-Mann 3 × 3 SU (3) matrices, if the QCD gauge fields
B. Electroweak interaction
We can also construct a lagrangian which reduces to the electroweak interaction, provided the latter is of the "left-right symmetric" variety [7] . Consider the eight-dimensional lagrangian
where Wj L,µ and Wj R,µ are "electro-weak" gauge-field triplets andΣj = σj 0 0σj ,j = 1, 2, 3. If we again assume that gauge fields can be factored, i.e., Wj L,µ = W L,µ (x)Wj(x) and Wj R,µ = W R,µ (x)Wj(x), then Minkowski-space quantities will be conserved. If in addition we parame-
where Wj is a constant identifying the boson, and again assume thatγ −1 >>β −1 , then in the limitα/2M 0 → 0 where orthogonality holds, Dirac particles may not make transitions to different "generations", to different SU (3)-multiplets, or to different states within an SU (3) -multiplet. However transitions to opposite "weak-isospin" states may take place due to theσj-operator. If again we limit Dirac states to SU (3) 1s and 3s, then integrating lagrangian 35 overR 4 yields
where operator ψ is a sum over states ψ (x) ⊗ φ n 1 n 2 n 3 ⊗ φ n 4 ⊗ξ ms with n 1 + n 2 + n 3 = 0 or 1. If we denote
, and W R,µ (x) Wj ≡ Wj R,µ (x) ,j = 1, 2, 3, then lagrangian 36 takes the form
This lagrangian forbids family-changing transitions, quark↔ lepton transitions, and, in the case of quarks, color-changing transitions. If a fourth, weak-isospin-zero gauge field B µ is introduced with appropriate, distinct couplings to quark and lepton fields, and CKM mixing is accommodated, then the interaction lagrangian becomes a left-right-symmetric version of the EW interaction in the Standard Model.
V. Discussion
We have considered the possibility that quarks and leptons live in a flat higher dimensional space, confined to a small volume in the extra dimensions, perhaps by a soliton. If the confinement is due to a harmonic-oscillator "potential" which only rises to a certain height, plus a large constant M 0 , then four extra dimensions suffice to generate harmonic-oscillator Dirac-particle states which bear some resemblance to the quarks and leptons of the Standard Model. The symmetry group of the states in the higher dimensions is just SO (4), but thanks to the degenerate levels of the harmonic-oscillator potential, the SO (4) symmetry is enlarged to an approximate SU (4) symmetry. Furthermore, because the "spin" states are decoupled from the "orbital" states, an additional approximate SU (2) symmetry occurs in these same four extra dimensions. Thus the HO potential generates an approximate SU (4) × SU (2) symmetry.
In an SU (4) = SU (3) × U (1) decomposition, the SU (3) representations 1, 3, 6, . . resemble leptons, quarks, and new kinds of Dirac particles, respectively; the U (1) representations introduce replications which might be identified with generations. The SU (2) symmetry is represented by doublets reduced from Dirac spinors and is similar to weak isospin.
We have shown how the Dirac particles might be coupled to "gluons" to reproduce the QCD interaction, and to "EW bosons" to reproduce a left-right symmetric extension of the electroweak interaction. Because the SU (4) symmetry is realized in just four dimensions instead of eight, only real solutions corresponding to tetrahedral weight diagrams are generated. But these are the only multiplets needed to represent the quarks and leptons of the Standard Model.
The SU (4) symmetry is not exact, primarily because the harmonicoscillator well rises only a finite amount. On the other hand, this finite rise limits the number of quarks and leptons in a natural way. (The symmetry in the lower generations would become more exact should the well rise higher to accommodate additional generations.) Also the masses predicted by the harmonic-oscillator well rise only linearly with generation number, whereas in nature the masses seem to rise exponentially. However the particles' masses might be augmented by a Higgs-Yukawa mechanism as in the Standard Model.
If a simple potential in four flat extra dimensions can yield Dirac bound states similar in many ways to those of quarks and leptons, then it may be worthwhile to search for an underlying physical mechanism, perhaps an instanton arising from a generalization of the Rubakov-Shaposhnikov [1] or Kaplan [2] lagrangian to eight dimensions. Hopefully such a lagrangian will not generate the SU (3) 6s and 10s which occur in the higher SU (4) multiplets predicted by our present model. On the other hand, if the 6s and 10s were decoupled from the gauge bosons, then they would be interesting candidates for dark matter. 
Operating on the φ n 1 n 2 n 3 n 4 , theẼμν satisfy Ẽμν ,Ẽρσ = δ ν ρẼμσ − δ σ µẼρν ,μ,ν,ρ,σ = 1, 2, 3, 4.
But this is the vector-multiplication rule of SU (4). Therefore the fifteen independentẼμν comprise an SU (4)-algebra and the φ n 1 n 2 n 3 n 4 are its representations [5, 13] . The smallest representation, with N = 0, is the 1 consisting ofφ 0000 = exp − 
where a † i and aj are defined like a † µ and aν, respectively, except that their indices are restricted to 1, 2, and 3. The smallest representation, with n 1 + n 2 + n 3 ≡ N ′ = 0, is the 1 consisting ofφ 000 = exp{− 
